Eigenvalue problem for two coupled Ginzburg-Landau equations is numerically investigated. The fixed points of corresponding equations system are found. The classification of these points is made. The phase portraits of corresponding ordinary differential equations and the dependence of some parameters of the equations system and the total energy on the initial values are given.
I. INTRODUCTION
Systems with coupled scalar fields hold their certain interest in physical applications. In particular, such systems are used in constructing particle models and their interactions within the framework of quantum field theory [1] . In different aspects such systems have been already repeatedly considered, see for example Refs. [2] [3] [4] [5] [6] [7] [8] . Here we present a qualitative study of one of such systems having the potential energy in the form:
where ϕ, ψ are two real scalar fields (usual or phantom/ghost ones), Λ 1 , Λ 2 , Λ 3 , m 1 , m 2 are some constants. This potential had been used earlier by us in treatments of models of cosmological and astrophysical objects in general relativity. These researches showed that: (a) for the four-dimensional case there exist regular spherically and cylindrically symmetric solutions [9] [10] [11] , and also cosmological solutions [12, 13] both for usual and phantom scalar fields; (b) for the higher dimensional cases there exist the thick brane solutions [14] [15] [16] [17] supported by usual and phantom scalar fields. From the physical point of view, these solutions exist because of the special form of the interaction potential (1) having two local and two global minima. It means that there are two different vacua. At the infinity, as the radial coordinate x → ±∞, these scalar fields are located in that vacuum in which their are in the local minimum. The existence of regular solutions with finite energy is only possible for certain (eigen) values of parameters of a problem. Such eigenvalue problems were solved by us using the shooting method (see for details of the shooting procedure in Ref. [11] ).
Note that the type (1) potential has been also used in the paper [18] for modeling superconductivity using two coupled Ginzburg-Landau equations. When the interaction between the fields in (1) is excluded, i.e. at Λ 3 = 0, one has two uncoupled type Ginzburg-Landau equations. On the other hand with an account taken of the interaction there are new effects, in particular, the presence of regular solutions, not present in the case of one Ginzburg-Landau equation.
Use of spherical and cylindrical symmetries in the above papers leads to obtaining the sets of coupled nonautonomous ordinary differential equations whose qualitative study is quite complicated. Here we consider a simplified problem when the system with the potential (1) is examined in cartesian coordinates. This allows to get an autonomous system of two second order ordinary differential equations for which it is possible to perform the qualitative analysis and estimate the general behavior of the system.
II. QUALITATIVE ANALYSIS
Let us consider the physical system with the potential (1) whose Lagrangian can be presented in the form
where ǫ 1 , ǫ 2 = ±1, and the plus sign refers to usual scalar fields, and the minus sign -to phantom/ghost ones. The energy-momentum tensor of the system is:
The corresponding field equations in cartesian coordinates can be written as:
Choosing the initial value of the scalar field ϕ(r = 0) = ϕ 0 and introducing the dimensionless variables
, let us rewrite the system in the form (taking into account the expression for the potential from (1)):
The fixed points of this system are:
The points A, B refer to local minima, the points C, D are the global minima, E is the local maximum, and the points F refer to saddle points. Let us designate the values of the potential (1) at these points as V i where the index i corresponds to letters from A to F , and
It is also possible to find the following relations:
.
Dividing the third expression by the first one and the second one and taking into account the condition (16) , one can show that the conditions guaranteeing the existence of the local and global minima are: (i) for the local minimum:
. Next, to determine the type of the fixed points it is necessary to make a characteristic matrix of the system (6)- (9) . Using this matrix, one can write out the characteristic forth order algebraic equation. Then the values of roots of this equation k j determine the type of the fixed points. In our case we have the following roots:
(i) at the points A, B (the local minimum):
(ii) at the points C, D (the global minimum):
(iii) at the point E (the local maximum):
(iv) at the points F (the saddle points):
Taking into account the above mentioned conditions of existence of the local and global minima, one can make the classification of the fixed points presented in table I. 
III. NUMERICAL ANALYSIS
From the point of view of obtaining a set of solutions (but not only of two integral curves as in a case of saddle fixed points) type "unstable node" fixed points are more interesting. In the model under consideration, they are situated: (i) at the points of the local (A, B) and global (C, D) minima at positive ǫ 1 , ǫ 2 , i.e. for usual scalar fields; (ii) at the point of the local maximum E at negative ǫ 1 , ǫ 2 , i.e. for the case of phantom/ghost fields. Note that in the latter case negative ǫ 1 , ǫ 2 effectively correspond to the system with usual fields but with a reversed sign of the potential (1) . In this case the point of the local maximum E becomes the point of the local minimum, and solutions asymptotically tend to that point.
All the fixed points, being the stationary points of the system (6)- (9) , are situated at x = ±∞. Then static solutions, if they exist, should start from these points. One of physically interesting problems is a Z 2 symmetric (6)- (9) for the different initial values of χ0 taken from table II. Asymptotically, as x → ±∞, the scalar field χ → 0, and φ goes to values of µ1 from table II corresponding to the local minimum A from (10). solution. In this case the symmetry plane is chosen at x = 0 where the derivatives φ ′ (0) = χ ′ (0) = 0. Examples of such solutions are presented in Fig. 1 . Using the energy-momentum tensor (3) and the above dimensionless variables, the dimensionless energy density can be derived in the following form
where the constant const from the potential (1) is chosen equal to −(λ 2 /4)µ 4 2 to make the energy density to be equal to zero at infinity. Using this expression, one can plot the corresponding graphs for the energy presented in Fig. 2 . The total energy (mass) of the system is defined by the expression
Calculating this integral, the values of the total energy presented in the last column of table II have been found. Also, using the table, one can plot the graphs of dependence of the parameters µ 1 , µ 2 and the total energy M on the initial values of χ 0 presented in Fig. 3 The dependence of the parameters of the system µ1, µ2 and the total energy M on the initial values of χ0 for the system (6)- (9) . The data are taken from table II.
FIG. 4:
The phase portrait of the system (6)- (9) for the scalar field φ plotted using the parameters from table II. The points Ai correspond to the fixed point A from (10). All solutions go to these points at x → ±∞ starting with the different initial values at the point O corresponding to the origin of coordinates x = 0. The index i runs over i = 1..8 in accordance with numeration from table II.
FIG. 5:
The phase portrait of the system (6)- (9) for the scalar field χ plotted using the parameters from table II. The points Oi correspond to the origin of coordinates x = 0 with the different initial values taken from table II. Asymptotically, as x → ±∞, the solutions tend to the fixed point A from (10) where χ(±∞) = 0. The index i runs over i = 1..8 in accordance with numeration from table II.
system as follows:φ
The values of the parameter µ and initial conditionsφ(0) andχ(0) at which regular solutions do exist can be obtained from the values presented in table II by corresponding rescaling the variables: dinates. For such a system, as well as in general relativity, the task of finding regular solutions amounts to searching eigenvalues of the parameters of the model. The model contains six available parameters: two initial values of the scalar fields ϕ 0 , ψ 0 and four free parameters Λ 1 , Λ 2 , m 1 , m 2 (Λ 3 can be always excluded by redefinition of the parameters Λ 1 , Λ 2 , and the initial values of derivatives ϕ ′ (0), ψ ′ (0) are chosen to be equal to zero for obtaining Z 2 symmetric solutions). Then for obtaining regular solutions it is necessary to find eigenvalues of only two of these six parameters. For example, we have been sought the eigenvalues of the parameters µ 1 and µ 2 in the system (6)- (9) . For the obtained eigenvalues regular solutions start at x = 0 and tend to the fixed point A corresponding to the local minimum of the system (for the case of usual scalar fields considered here, see Figs. 1, 4 and 5), and to the local maximum (for phantom/ghost fields). One can see from Fig. 3 that there exist some lowest eigenvalues of the parameters µ 1 and µ 2 at which the total energy of the system M goes to zero. This corresponds to the existence of some critical µ 1 and µ 2 at which physically sensible solutions with a nonzero total energy still exist. Similarly, for the system (18)-(21) there exists some critical eigenvalue of the parameter µ at which M → 0 as well (see Fig. 6 ).
Type "unstable node" fixed points allow the existence of sets of solutions starting from these points at x = ±∞ both for usual fields (the fixed points A, B and C, D) and for phantom/ghost scalar fields (the point E). Thus the qualitative analysis shows that from the point of view of a possibility of obtaining regular localized solutions the system with two coupled scalar fields in question seems to be quite perspective. The previous studies from Refs. [9] - [17] show that inclusion of gravitational fields does not change the qualitative behavior of solutions. Then one would expect, for example, that in the presence of gravitational fields the lower restriction on the values of the parameters
